Detection of interactions between treatment effects and patient descriptors in clinical trials is critical for optimizing the drug development process. The increasing volume of data accumulated in clinical trials provides a unique opportunity to discover new biomarkers and further the goal of personalized medicine, but it also requires innovative robust biomarker detection methods capable of detecting non-linear, and sometimes weak, signals. We propose a set of novel univariate statistical tests, based on the theory of random walks, which are able to capture non-linear and non-monotonic covariate-treatment interactions. We also propose a novel combined test, which leverages the power of all of our proposed univariate tests into a single general-case tool. We present results for both synthetic trials as well as real-world clinical trials, where we compare our method with state-of-the-art techniques and demonstrate the utility and robustness of our approach.
Introduction
Designing new and efficient therapies is a long and ever more costly process, with less than ten percent of new treatments entering Phase I finally being approved by the FDA and commercialized [1, 2] . One of the major challenges for the improvement of drug development is to better understand how drugs interact with patients, particularly for treatments displaying heterogeneous responses. Therefore, conducting a detailed analysis of clinical trial data is critical to find subgroups of patients with higher benefit-risk ratio or to understand why a drug does not work on some sub-population to improve existing therapeutic strategies.
Moreover, understanding the relationships of patient descriptors which compose the most responsive cross-section of the population is of great importance when planning a Phase III trial, for salvaging failed trials, or accelerating advances in personalized medicine. This process of biomarker identification is critical to detect sub-groups within a given indication, but, as shown recently for immunotherapies, can also provide the basis for pan-indication drug approval [3] .
Identifying these patient subgroups, and understanding the descriptors, or covariates, which distinguish them, is the domain of subgroup analysis. This field of research has a long history in clinical biostatistics [4, 5, 6] , and requires a very careful and rigorous methodological approach [7] , both for confirmatory or exploratory analysis, due to multiplicity, reproducibility, and false detection issues. Furthermore, subgroup analysis has garnered even more attention recently from the pharmaceutical community with both the advent of cheap and extensive genomic measurements as well as the dawning of the era of so-called big-data. Now that incredibly detailed patient characterizations are available, the problem of subgroup identification has shifted from careful statistical analysis of select covariates, to data-mining and machine learning approaches. While the number of features is increasing by several order of magnitudes, the number of patients remains typically the same, which makes the statistical challenge even more difficult. Therefore, effective clinical trial data analysis requires highly sensitive tools capable of detecting covariate-response associations from noisy and weak treatment response measurements, including discontinuous and non-monotonic interactions, without inflating the Type-I error rate. Indeed, false positive detection is a major caveat in subgroup analysis [7] , and controlling Type-I error is a crucial requirement for any reliable methodology. These tools can be used as a pre-processing step, pruning out insignificant covariates which might obfuscate accurate subgroup identification. They can also enable investigators to rank covariates by significance so as to focus laboratory studies to a few of the most promising biological pathways.
Many methods have been proposed for the detection of covariate-treatment interaction.
In particular, we note modified outcome regression [8] , outcome weighted learning [9] , and change-point detection [10] methods as state-of-the art techniques which are useful in constructing baseline comparisons, as we do in this work. We refer the reader to the recent review of Lipkovich et al. [11] , where the authors review various methodologies ranging from classic statistical approaches to more sophisticated machine learning methods. On the one hand, well-founded and analytically rich statistical techniques provide rigorous estimates of Type-I error, but often miss complex, non-linear interactions. On the other hand, machine learning approaches allow for the detection of these complex, and sometimes non-monotonic, interactions. However, in general they fail to provide a proper estimate of Type-I error for the impact of individual covariates; they do not possess the characteristics common to proper statistical tests. Thus, we note a lack of methods which take the best of both worlds, offering high sensitivity for interactions with complex dependencies, while also providing rich statistical analysis and a controlled Type-I error rate.
To address this shortfall, we propose a new series of statistical tests, each of which is designed to detect particular structures in the treatment response signal which are often observed in actual clinical trial data. The proposed tests are constructed from a cumulative process on the effect size obtained by ranking patients according to a given covariate. These processes characterize the complex dependency structure of the covariate-treatment effect.
We introduce several observables which capture various facets of these interactions, going beyond a simple process maximum estimate, as used in [10] . When possible, we derive theoretical estimates to compute p-values thresholds characterizing Type-I error, and when not possible, we propose a Monte-Carlo sampling procedure. We also present a new combined test which leverages the power of all our proposed individual tests to provide robust detection of significant covariates, while also providing fine-grained control over the Type-I error rate.
Our novel combined test compares favorably to existing state-of-the-art procedures, serving as an effective tool for the exploration of clinical trial data. We evaluate our approach on both synthetic and real clinical trial datasets. For the purpose of this work, we have also created a synthetic benchmark that captures many "corner cases", i.e. parameter regimes where existing methods reveal their limitations. These benchmarks may prove useful for other researchers to evaluate their methods.
The paper is organized as follows. In Sec. 2, we present the treatment-response model and introduce some notations. Next, in Sec. 3, we review the current state-of-the-art in covariate-response correlation analysis and covariate selection. Subsequently, in Sec. 4 .1, we demonstrate a simple correction based on treatment response correlations which addresses many variance issues observed in current techniques. Then, in Sec. 4.2, we present our novel individual cumulative response tests based on null-tests against Brownian motion, each of which is tailored to different features in the measured treatment response. Finally, in Sec. 4.3 we present an approach to merge these individual cumulative tests into a single combined test which is able to retain the performance of the individual tests while being robust to a priori unknown treatment response curves. To validate our approach, we present two numerical analyses. In our first synthetic analysis, reported in Sec. 5, we report objective results of significant covariate detection performance over a wide range of different treatment response models. In our second analysis, reported in Sec. 6, we take three real-world clinical trial datasets and report the significant variables discovered by our method. Finally, we conclude in Sec. 7 with a discussion of the applicability of our approach and possible avenues for future work.
Drug response model
Let us now describe the mathematical framework of the drug response model. The drug response model characterizes the observed outcome of a patient as a function of the patient's covariates and the treatment which was administered to the patient. We will assume that this observed outcome is binary or real-valued measurement, e.g. cell counts or cholesterol levels.
Let us denote the treatment indicator as T . In the common setting of experimental treatment versus placebo, T is a binary variable with T = −1 corresponding to the placebo and, T = 1 to the experimental treatment. Given a vector of covariates X belonging to a particular patient, we denote the observed outcome under treatment T = t as as R (t) (X).
A trial dataset consists of N patient records, which are assumed to be drawn i.i.d.
randomly, each of which contains the patient's covariate vector, the applied treatment, and the observed outcome, i.e. (X i , T i , R i ) 1≤i≤N where we define R i R (T i ) (X i ) for conciseness.
We are interested in the detection of patient covariates which correlate with the spread between the experimental treatment and the placebo, or treatment effectiveness
Such covariates can be helpful in the understanding of the treatment action mechanism and in the selection of patient subgroups where the treatment is the most efficient.
Of course, the spread is not directly observable in practice, as it would require two treatments to be carried out on the same patient, so we need special methods capable to estimate the correlation of interest from indirect measurements.
In the next section, we revise existing approaches that can be used for the detection of covariate-treatment interactions.
Existing approaches
The problem of identifying covariate-treatment interaction is directly related to the subgroup identification problem and methods developed for one can be often adapted for another.
Many different approaches have been proposed to address these problems, starting from straightforward application of the standard multivariate regression techniques (with explicit modelling of the treatment-covariate interactions), to more advanced models such as modified covariates [8] , outcome weighted learning [9] or change point statistics analysis [10] . In [12] , Tian & Tibshirani describe an adaptive index model which can be used for risk stratification or sub-group selection. Other examples of decision tree based algorithms are model based recursive partitioning [13] , SIDES method based differential effect search [14] , virtual twins method [15] , subgroup analysis via recursive partitioning, combined additive and tree based regression [16] and qualitative interaction trees [17] .
In the following subsection, we describe standard statistical procedures as well as existing state of the art approaches that can be used to detect features correlated with the treatment effect.
Linear Regression Test
One naïve approach for the detection of significant covariates would be to simply apply a linear regression to the observed response variables and study the magnitude of the regression coefficients learned for each covariate, using, for instance, the F-test or R 2 values. To construct such a regression, one first defines a linear observational model for the measured response as a function of the covariate-treatment pair (X, T ),
where is a centered random variable independent w.r.t. (X, T ). The vector of regression coefficients α describes the global impact of patient covariates on the outcome, irrespective of the applied treatment. This term is often referred to as the trend of the treatment response, and does not contain any information on treatment effectiveness. The significant coefficients the vector β can be used as indicators of covariates which correlate with the treatment effect.
In the univariate context, when we analyse a particular variable X j , (3) is simplified to a simple linear regression with only two terms:
Modified Outcome
The problem with the statistical test for the observational model defined in Eq. (3) one must estimate the coefficients α of the trend term jointly with the coefficients of β. Knowledge of α does not aid in the detection of covariate/treatment interaction, and it harms the estimation of β, the true variable of interest, by introducing additional variance.
In the modified outcome approach of [8] , the authors propose a simple modification to the observed response prior to regression which removes the effect of the trend term, allowing for the direct estimation of the expected treatment effectiveness given a set of patient covariates,
The modification of the outcome, in the case of two treatments, consists of a multiplication of the observed response with the treatment indicator to create the modified outcome, Y R × T . In [8] , it is shown that β can then be estimated by a regression performed according to the observational model,
Due to the nature of clinical trials, for each draw of X, we have only one observation of R which is drawn from one of the potential arms of the trial at random (e.g. treatment or placebo). Thus, the modified outcome variable Y may have a very large variance. Indeed, even if we assume that the per-treatment responses have small variance, the modified outcome Y = R × T may then contain multiple distinct tight modes, corresponding to each realization of the treatment variable.
These modes have the effect of inflating the variance of Y ,
Even if var[Y |X, T ] is small for each treatment arm, thus causing the expectation of the variance to be small as well, the variance of the expectation can be arbitrarily large, especially if the treatment in question has a very strong global effect or if there is a strong shift in outcome distribution. We propose one possible approach to counteract this variance inflation in Sec. 4.1.
Outcome weighted learning
The outcome weighted learning (OWL) [9] approach was initially proposed for the identification of patient sub-groups, but similarly to modified covariates it can be easily adapted for the detection of covariate treatment interactions. The idea of this approach is based on the construction of a classifier f (x) for the following weighted classification problem
L is a classification loss function (hinge loss, for example) and w i are positive weights obtained from observed outcomes R i , for example,
It wouldn't make any sense to try to predict T from X since by construction, T is generated to be independent of X.
However, when we introduce weights, the classifier tries to separate above all, treatment and placebo patients with high outcome values, and it might be possible, if there is a pattern in patient to treatment response. Interestingly, if we adapt this to the univariate case, this approach becomes equivalent to modified outcome since basically we interested in a correlation between T and X j weighted by R which is nothing else than the correlation between RT and X j .
Discontinuous Treatment Response
Until now, we have discussed the use of linear models for the detection of covariate/treatment interaction. However, this is a very simple assumption to make about the treatment response.
In some cases, a strong non-linear, discontinuous thresholding effect can be the dominant feature in the covariate-treatment response curve, as reported by Koziol & Wu in [10] for the case of erythropoietin treatment (r-HuEPO) for the prevention of post-surgery blood transfusion. Here the authors observed sharp cutoffs in treatment effectiveness as measured against baseline hemoglobin levels.
In order to detect responsive patient profiles for r-HuEPO treatment, the authors of [10] proposed to build a stochastic cumulative process test to detect the change-point in measured baseline hemoglobin. This univariate test is constructed by building a test around a cumulative process description of the treatment effectiveness. Specifically, both the placebo and r-HuEPO treatment response curves were sorted according to the value of the measured baseline hemoglobin for each patient record. Subsequently, a cumulative sum was taken for each treatment, and a test was constructed to observe the statistical significance of the difference between these cumulative sums under a specified threshold of baseline hemoglobin.
To construct the test itself, [10] made the observation that under the null-hypothesis (H 0 )
of no covariate-treatment interaction, the treatment effectiveness should behave as a random walk when the scale of the covariate is mapped to [0, 1], as the observed response would, in this case, be independent of the covariate and its ordering. In the limit of of N → ∞, this random walk converges to a Brownian motion process.
If we denote this random process under H 0 as W , then the detection of statistically significant treatment effectiveness amounts to the detection of the measured cumulative process significantly diverging from W . In [10] , the authors proposed a statistical test that was constructed around the maximum value of the measured cumulative process as compared to the most probable maximum value according to W . In Sec. 4.2, we will demonstrate a version of Koziol & Wu's cumulative test, but within the modified outcome framework, and
we will also present a series of new tests which are also based on the comparison between cumulative response and random process null-hypotheses.
Proposed Approach
Similar to the approach of [10] which we described in Sec. 3.4, we focus on univariate detection of significant covariates through statistical tests based on a null-hypothesis of random walks.
Since real-world trial data can contain many pathological and idiosyncratic response features, we go further than [10] by introducing, in Sec. 4.2, a set of statistical tests which are designed to detect different features in the underlying response signal. Since it is impossible to predict a priori what the best hypothesis of the trial data response should be, we also propose the use of a combined statistical test. In this way, we are able to utilize our proposed statistical tests as feature detectors, whose outputs, taken as a whole, create a robust description of covariate significance.
Because of the specific structure of the test framework, namely repeated tests on individual variables under controlled randomization, we are able to do better than simple Bonferoni correction [18] for combining p-values obtained over multiple tests. We note that the combined test we propose in Sec. 4.3 can be utilized independently of the specific tests we construct, and can be seen as a general procedure for obtaining robust predictions of covariate significance in the setting where one posses many possible statistical tests but requires an interpretation of the aggregate results.
First, however, we turn our attention to transformations of the raw response data. As first shown in the modified outcome approach of [8] , such transformations can lead to significant improvements in the detection of treatment response. We will show how one such transformation can both improve the signal-to-noise ratio for significant covariate detection, and also leads to new significance test for the cumulative process approach.
Centered Treatment Response
As discussed earlier in Sec. 3.2, it is possible that the separation of the treatment response curves can induce high variance in the treatment effectiveness, even when the per-treatment response variance is small. To counteract this effect, we propose the use of a per-treatment centering, removing the empirical average of the response conditioned on the treatment applied. This approach is similar in spirit to that of efficiency augmentation [8] . In the efficiency augmentation approach, one attempts to reduce estimator variance by removing the trend E[R|X], while in our approach we remove E[R|T ]. In general, it is possible to combine both approaches, however, we consider only per-treatment centering since explicit model fitting of R(X) may represent a significant risk of over-fitting on trials with limited enrollment, where selecting a trend model a priori may introduce unnecessary bias.
For per-treatment centering, given the set of observed trial data (X i , T i , R i ), we modify the measured response,
where E[R | T = T i ] is simply the empirical mean of all observed responses for a given treatment T i . Next, for the case of two-arm trials, we apply the same modified outcome approach of [8] to remove the trend term by taking the difference of the two treatments,
At first glance, such per-treatment centering would seem to remove the treatment effectiveness signal. However, we note that we are not interested in the magnitude of the treatment effectiveness itself, but rather the correlation of the treatment effectiveness with the covariate of study. This correlation is preserved by the centering, and becomes more easily detectable as the variance of the outcome terms is reduced.
To help motivate our choice of per-treatment centering, we first demonstrate that pertreatment centering minimizes the variance of the modified outcome. 
is an arbitrary function of the treatment, the function
provides the minimum achievable variance,
Proof. See Appendix A.1.
Additionally, we can observe that the original modified outcome of Y mod = T · R, as proposed in [8] , will always have a larger variance, except in the case that the per-treatment responses are already centered.
Lemma 2. Given a randomized two-treatment trial, T ∈ {±1}, whose measured data has the empirical mean and variance µ T and σ 2 T , respectively, where each treatment is chosen with probability
From Lemma 2, we see that, in the case of two treatment trials, the variance reduction provided by per-treatment response centering becomes more pronounced as the separation in expected response between the trials increases and the intra-treatment variance decreases.
This shows the corrective effect of centering in correcting for the problem of multi-modal response distributions, as discussed earlier in Sec. 3.2.
Now that we have established that per-treatment centering is an effective form of variance reduction for the modified outcome, the question of treatment-response detection remains.
We now investigate the effect of centering on the correlation between the modified response and treatment.
Lemma 3. The centering R = R − E[R|T ] only alters the correlation between treatment and outcome for a specified covariate by a constant amount which does not depend on X,
Proof. See Appendix A.3.
Since covariance between outcome and treatment is modified only by a constant which does not depend on the covariate X, we see that the correlation conditioned on covariates is not lost by introducing a per-treatment centering, only translated.
Additionally, we can see that the centered modified outcome removes the effect of global effects on the covariate-conditioned signal. From Lemma 4, we make the observation that since the global dependency is removed, then only conditioning on X introduces a dependency between the treatment and centered
. This leads to Corollary 1, which demonstrates that when using centered treatment response, all of the dependency between R and T is entirely mediated by the covariate X. In other words, for centered treatment response, we see that there remains no explanation of the covariance other than the effect of the covariate under investigation. This property provides a greater sensitivity when constructing significance tests, as we can be assured that the variability being observed in Y is only due to X.
Cumulative Tests
As discussed in Sec. 3.4, nonlinearities in the treatment response signal when conditioned on patient covariates can lead to poor detection of covariate-treatment correlations when using linear regression fits. Instead, methods such as [10] propose the use of non-linear tests based on a theory of random walks. We now discuss a set of novel tests for the detection of significant levels of covariate-treatment interaction according to p-value.
We first introduce the core transformation utilized by all of our proposed significance tests. Given some modified outcomes Y , centered or not, and a covariate of interest X j ,
the vector of patient covariate values sorted in ascending order. Here, we assume that the covariate in question has some interpretation that allows for a meaningful sense of ordering.
However, it is still possible to use this procedure in the case of purely categorical covariates, as long as the arbitrarily chosen ordering remains consistent when repeated on the same covariate.
Subsequently, a cumulative response vector is then calculated as the cumulative sum,
Rather than constructing tests on the modified outcomes themselves, we evaluate the statistics of the cumulative response process C j . By using the known statistics of random walks, we may construct a strong set of priors on the behavior of C j under the null-hypothesis of no covariate-treatment interaction,
Detecting a significant interaction amounts to the detection of C j diverging significantly from the bulk where it is most explained by a random process.
Maximum Value Test. We first turn our attention to small adaptation of the original cumulative maximum value test of [10] , generalizing their change-point detection test to the case of interaction detection. We propose the use of the maximum value test as a baseline comparison when used in conjunction with the modified outcome of [8] .
Specifically, we define the maximum normalized absolute value of the cumulative response
where σ 2 N is the sample variance taken of the entries of the realized random walk C j ,
Next, as mentioned earlier in Sec. 3.4, we observe that as N → ∞, according to Donsker's theorem [19] , the cumulative process under H 0 converges to a Weiner process. The distribution of the extreme values of a Wiener process is well known in the literature [10, 20, 21] ,
for any α > 0 where Φ is the standard normal cumulative distribution function (CDF). The final significance test is constructed from (13) by measuring the probability of the observed maximum value and comparing it to the probability that the null-hypothesis of the random walk could have produced such a result. In this case we are assuming that N is large enough such that the approximation via Weiner process is accurate.
Brownian Bridge Test. In the case of the maximum value test, we define this baseline using the standard modified outcome. However, we would like to make use of the per-treatment response centering we propose in Sec. 4.1 in order to aid in the detection of covariate-treatment correlation. However, by using this per-treatment centering, the cumulative process is no longer well described by Brownian motion. Once the mean is removed, the cumulative process is pinned to 0 not just at t = 0, but also at the end of the process t = 1. An example of such a process is shown in Fig. 1 .
Specifically, if we construct the cumulative response using the per-treatment centered response,
then, by application of Donsker's theorem [19] , C j converges to a Brownian bridge process, 
The same transformation can be applied to the maximum absolute value of the process, as well. Now, according to Slutsky's theorem, we can replace σ 2 with its empirical estimate,
which shows that the scaled extremal value of the centered process converges in distribution to the extremal of the Brownian Bridge. Thus, we are able to construct the statistical significance test against H 0 according to the distribution of extreme values of the Brownian Bridge process.
And the statistical test rejection zone can be computed according to Specifically, given a centered cumulative process for a specific covariate C, consider the family of circle-shifted processes constructed from it,
where
Finding the extremal value for all possible shifts is then the solution to the double maximization,
The solution to this maximization over shifts and time can be be equally accomplished by generalizing the Brownian bridge process to a ring domain and subsequently defining the "start" of this process to occur at its minimum. Subsequently, finding the extremal of this resultant process would be equivalent to (19) . An example of this construction is given in Fig. 1 .
The procedure we have just described is nothing more than finding the extremal value of a Brownian Excursion,
The rejection zone can be computed according to
Process Normalization. The overall maximum of a Brownian motion, or a Brownian bridge, are natural statistics to consider, however they treat the entire interval [0, 1] to be homogeneous. However, it is much more likely to observe the maximum value at the right extreme for Brownian motion, or the center for the Brownian bridge. Therefore, even if there is a signal in the zone of low variance, we compare it to the maximum over the entire interval and therefore it might easily be overlooked.
This problem can be solved by considering a rejection zone taking into account the changing variance of the underlying process. In the case of a Brownian motion, such normalization means that the rejection zone becomes a square root hull tα, and in the case of a Brownian bridge, the hull shape is defined by t(1 − t). 
Area Tests. Finally, we propose two more tests based on the total area under the curve (AUC) statistic, the idea behind the use of the entire area is that even if the maximum value does not reach the critical threshold, the fact that there are multiple points where the process approaches the limit may be indicative of a presence of a signal.
The test statistic in this case is computed as
We also consider a modification of this test where we sum squared values of the cumulative process,
Implementation. Depending on a prior knowledge about the type of the signal, other tests can be introduced as well. Since it is not always possible to have a closed form for the statistic distribution, we use a general numerical framework based on Monte-Carlo (MC) simulations to compute statistic critical values [22, 23] . We describe the process for this evaluation in Alg. 1.
Combined Test
As mentioned in the previous section, one may prefer different tests depending on the type of the signal one expects to observe in the data. However, it is not always possible, or desirable, to choose a particular test a priori. Instead, one might run all tests in parallel to see if some signal is detected by at least a single test. This procedure is a classical multiple test, and thus one needs to use a correction procedure for calculation of the final p-value in order to ensure that the Type-I error is not inflated. Standard correction procedures, such as Bonferoni correction [18] , may be too severe, obfuscating the detection of significant covariates in practice. This is especially true in our case due to high correlation between our proposed significance tests, thus leading to a significant loss in combined test power.
However, as in [24] , it is possible to adapt our numeric procedure to run multiple tests simultaneously without any losses in Type-I or Type-II errors.
Test Name Description

Baselines
MoLin
Modified outcome linear regression test
Max
Max of Brownian motion Proposed
MaxB
Max of Brownian bridge
MaxB N Max of Brownian bridge, normalized via t(1 − t) We present the pseudo-code for this combined test in Alg. 2.
MaxBE
Max of Brownian excursion
In our experiments, we combine MaxB, MaxB N , MaxBE, SAreaB, and SAreaB for our final combined significance test, thus accounting for many possible signal shapes. Selecting this subset, rather than applying all possible tests, reduces the computational burden of running the combined test. In practice, it is also possible to build a combined test tailored to a priori knowledge about a given dataset, as long as such a construction is fixed prior to any analysis of the dataset under investigation. 
Multi-dose trials
Up to this point, we have considered the case of a clinical trial with only two treatment groups (e.g. placebo vs. treatment). However, in many cases, such as Phase II trials, multiple treatment doses are tested in parallel. In this section, we demonstrate how our approach may be generalized to the case of multiple doses trials. The generalization is quite straightforward: instead of T ∈ {±1} being a binary variable, we let instead T ∈ T ⊂ R be a real-valued encoding of different doses. The set T may be a discrete scale encoding only dose order, or perhaps a more precise representation of the dosing amount, e.g. log value of the amount of administered treatment.
As in the binary case, the only important condition we need to ensure is that E[T ] = 0. As long as this is true, then we can directly apply the modified outcome transformation and use the framework of cumulative processes without any additional modifications. In essence, in the binary case we focus on the conditional correlation between R and a centered binary variable T conditioned on X, and in the multidose case we do the same thing only with T being simply centered.
Synthetic Experiments
In order to evaluate the efficiency of the proposed approach in an objective manner with known ground-truth, we generate a synthetic dataset of clinical trials. Although these models do not reflect the full complexity of such data in practice, we consider synthetic models for two main reasons: (i) to validate the ability of the evaluated statistical tests to accurately recover covariates which are known to be significantly correlated with the treatment, and (ii) to investigate particular cases of linear and non-linear interactions between covariates and treatment effects, demonstrating the strengths and weaknesses of each test. We list all of evaluated statistical tests in Table 1 . Additionally, we demonstrate how to construct synthetic datasets for which each of the proposed test will fail, giving insight into the failure cases for each of the proposed statistical tests. We will also show that the combined test proposed in Sec. 4.3 provides near best-case accuracy for most of the tested synthetic models.
Synthetic models
For our experiments, we construct a wide array of synthetic treatment response curves whose purpose is to simulate the complex behavior observed in real-world clinical trials. Below, we describe each of the different synthetic models.
We consider three types of synthetic models, in order of increasing complexity, (i) a linear model, (ii) a set of piecewise-constant models, and (iii) a fully non-linear model.
For all these models, we generate covariates as i.i.d. uniform random variables over [0, 1].
Next, given the full set of patient covariates X, we write the response model in the general form,
where ∼ N (0, ∆) is a noise term with variance ∆, and W trend (·) and W interact (·) are functions operating across the set of covariates.
Linear Model. The linear model (L) corresponds to the case where W trend and W interaction are linear functions of the of the first covariate, in this case
A successful test for L would report X 1 as a statistically significant covariate in terms of treatment interaction, and all other covariates would be rejected. Piecewise-constant Models. These proposed piecewise-constant (PC) synthetic models contain either one or two discontinuous jumps, denoted as thresholding and interval effects, respectively. Such discontinuities are not captured in linear models, however such effects are ubiquitous throughout biology and medicine.
We introduce four versions of PC models to capture these different configurations. All choices of W interaction (X) are simple indicator functions with different supports to capture both thresholding and interval discontinuities. We present two thresholding models containing a single jump discontinuity, PC-Th 1 and PC-Th 2 , as well as two interval models containing two jump discontinuities, PC-Int 1 and PC-Int 2 ,
Finally, for each of the four different PC models, we use a linear baseline trend of W trend (X) =
Non-linear model. For the non-linear model (NL), we utilize the fourth synthetic scenario reported in Sec. 4 of [9] . Specifically, the covariate-treatment signal is generated according to
We note that covariate X 4 is already a decoy covariate in this definition. Additionally, covariates X 7 and X 8 are symmetric.
Experimental Parameters. For our experiments, we evaluated the proposed statistical tests on the given synthetic models over a range of easy and difficult settings. Overall,the difficulty of the task can be controlled by modifying ∆, the ratio between baseline and treatment effect ( W 1 /W 2 ), and the number of significant covariates versus total number of decoy covariates. Specifically, we construct our experiments along these three axes in the following manner.
• Noise: The variance of the noise term is evaluated over the range
• W1: The ratio between the scale of the trend term (baseline coefficient) and the interaction term. Here, we fix W 2 = 1 while varying W 1 over [1, 5] .
• Decoy: Given the fixed number of significant covariates, 1 for L and PC and 7 for NL, Since the test power is a function of many parameters describing various aspects of signal-to-noise ratio, in our experiments we also trace test sensitivity as a function of the experimental axes described in the previous section. We then compare the resulting curves to estimate which test provides the best performance over the tested range. Fig. 3 shows an example of such curves for different significance tests performed on the PC-Int 1 model under varying noise and baseline strength. As an aggregate measure for overall test performance, we compute the area under each curve. In this particular example, MaxBE is the best performing significance test, as it is capable of detecting the signal more often than alternative approaches.
Results
Centering effect. Main result summary. A global summary of the main results is presented in Fig. 5 for the cumulative process tests MaxB, MaxB N , MaxBE, MaxBE N , AreaB, SAreaB, the baseline linear correlation test with modified outcome MoLin, and also for the combined test Comb.
On this chart, each row corresponds to the designated test, while each column corresponds to a particular synthetic model and the varied parameter (noise, W1, or decoy), as described in Sec. 5.1.
The first set of columns corresponds to model L. We report that most of the tests have the same statistical power for the detection of the significant covariate X 1 for this model. As expected, the linear test MoLin performs very well, similarly to tests which are sensitive to a global measurements on the cumulative process, such as AreaB and SAreaB, since averaging over the whole curve provides more robustness. The MaxBE test does not perform well on linear data, as it is designed to capture transient correlations. Because of this feature, for L, it mostly detects unrelated fluctuations. The combined test Comb is also shown to perform very well in the linear setting.
The next four sets of columns correspond to the piecewise constant models (PC) and their associated experimental axes. For this class of models, the tests under study perform very differently, revealing the strengths of each individual test, which we now describe. i) Threshold detection. As expected, MaxB performs the best for detection of threshold effects, at least when threshold is centrally located (PC-Th 1 ). Actually, this task appears relatively easy since most tests report good power, even MoLin. However, when the threshold is closer to the boundaries, and therefore more difficult to detect as in PC-Th 2 , the MaxB test fails to recognize the significant covariate, as do most of the other tests. However, MaxBN performs very well in this setting due to the normalization hull which brings more power to the extreme sides of.
ii) Interval detection. This task appears to be very difficult for most tests, which fail We also see that Comb demonstrates very robust behavior across all the tested models and experimental parameters. While it does not always provide the best possible performance, its strength lies in its ability to operate in widely varied settings, from global linear trends to narrow threshold or interval effects.
Finally, to see how those tests would perform on less artificial models, the next set of columns correspond to experiments performed on the NL model. Here, we report the detection performance for each of the significant variables in NL. Once again, we observe that particular experimental configurations of this model can lead to individual test failures.
However, once again we see that Comb demonstrates very robust performance across all tested experimental parameters.
These synthetic experiments have illustrated the ability of each individual test to detect known significant covariates under specific assumptions. When those assumptions are known a priori by the investigator (e.g. a known threshold effect), then it may be wiser to select the individual test according to this knowledge. However, when this knowledge is not available or too uncertain, our analysis suggests that Comb could be a robust solution. We present our full set of results both in terms of normalized AUC as well as raw statistical power in Appendix B. Normalization is performed over the significance tests such that the best-performing test reports a performance score of 1. The final two columns represent the aggregate minimum and average performance of each significance test over the set of tested models and experimentation parameters. Each significance is shown to perform well on some models but worse on others. Notably, the combined test (Comb, last row), shows robust performance across all experiments.
We now turn our attention to the utility of our new individual tests and their combination in a more realistic setting. In this section, we describe results of application of our method to several real world clinical trial datasets. For these datasets, there are no known ground truths for significant covariates. However, as we control Type-I error, we can deduce that detecting more significant covariates is a desirable property for a successful statistical test on these real datasets.
CALGB 40603 (NCT00861705)
The primary objective of this study was to investigate whether adding bevacizumab to paclitaxel (+/-carboplatin) and subsequent dose-dense doxorubicin and cyclophosphamide (ddAC) significantly raises the rate of pathologic complete response (pCR) in the breast of patients with HR-poor/ HER2(-), resectable breast cancer [25] . The patient level data of this study can be retrieved from Project DataSphere 1 [26] . The dataset contains the information on 443 patients randomly assigned to four different arms, Again, only the combined test was capable of detecting both interactions simultaneously. In both cases, the impact is negative, meaning that smaller covariate values correspond to larger differences between treatment and placebo (or reference treatment) arms, therefore implying that patients with smaller values of these covariates are more likely to benefit from the administration of bevacizumab. Since each of the detected covariates characterize the complexity of the tumor, the discovered dependencies suggest that patients at early stages of the disease are more likely to benefit from the addition of bevacizumab.
BCRP
The objective of this study was to compare the impact of nutritional and educational interventions on the psychological and physical adjustment after treatment for early-stage breast cancer [27] . The dataset was retrieved from the Quint package [28] . Table 2 , the combined test was the most sensitive test (0.05 p-value threshold after Bonferoni correction), indicating that the nationality covariate is a significant factor in determining the physical functioning score (SF36).
ACOSOG Z6051 (NCT00726622)
This is a randomized Phase-III trial evaluating the safety and efficacy of laparoscopic resection for rectal cancer [29] . The 462 patients were split into two groups: Arm 1 (open rectal resection) and Arm 2 (laparoscopic rectal resection). Among all tests, as shown in Table 2 , the combined test and extermal of the normalized Brownian Bridge test were capable of detecting one covariate significantly correlated with the efficacy of the treatment regime (0.05 p-value significance threshold after Bonferoni correction): distance to nearest radial margin. The cumulative process corresponding to this variable is shown in Fig. 7 , where patients with lower values of the distance to nearest radial margin covariate are shown to be more likely to benefit more from the laparoscopic rectal resection. The distance to nearest radial margin variable is not a parameter that can be assessed prior to the intervention, it is a characteristic that can be measured once the operation is complete. Therefore, it can not be used to guide the selection of the intervention type. However, such post-treatment dependencies can provide useful insights into the circumstances where a treatment of interest may prove most efficient. 
Discussion
In this paper, we presented a series of new statistical tests tailored for the detection of complex, non-linear treatment-covariate dependencies in clinical trial datasets. We describe how to merge these tests into a single combined test capable of efficiently detecting different types of interactions. We illustrated the performance of the proposed approach on various synthetic models, where we compare it to existing approaches. We also describe an application of the proposed procedure to three real world clinical trial datasets where we observed that our proposed tests do indeed allow one to detect signals which can go undiscovered using existing approaches.
The proposed technique is a univariate procedure tailored for the detection of single biomarkers, and therefore is relatively easy to interpret with respect to multivariate ap- In this article, we focused on the detection of covariates interacting with the treatment efficacy. Such covariates provide a natural basis for sub-group selection. The extension of the proposed statistical tests for sub-group identification is another important direction that we hope to address in our future work.
A Outcome Centering Proofs
A.1 Proof of Lemma 1
As stated in the lemma, we assume that a "general" modified outcome written in the form
is an arbitrary function of T . Looking at the variance of this general modified outcome we have
Using the law of total variation, we next condition on the treatment, T ,
The conditional variance can be written as
which follows from the application of the translational invariance property as well as the scaling identity. Subsequently, for the conditional expectation, we find
which follows from both the linearity of expectation as well as the independence of T from R. Taken together, we have
From the above, we see that the only a variance term is dependent upon the choice of f (T ). Since the variance must not be negative, the minimum variance σ 
A.2 Proof of Lemma 2
We first calculate the variance of the modified outcome as presented in [8] . Recalling Y mod = T · R, we see
which follows first from the law of total variation, and also from our earlier calculations in Appendix A.1.
We now make the calculation of this variance explicit through the empirical per-trial first and second moments, µ T and σ 
Subsequently, 
A.3 Proof of Lemma 3
The conditional covariance of the centered outcome can be shown to be 
However, since T ⊥ X and the measured outcome R is a fixed property of the dataset which does not change based on the covariate selection X, we note that
. Thus, the second term is constant with respect to the covariate under test and we write it as C R,T .
A.4 Proof of Lemma 4
The unconditioned covariance between the centered treatment response and the treatment indicators is
which follows from the simple distributional property of the covariance. Since we assume cen- 
B Full Synthetic Results
